I. Introduction
Wings exhibit increase in aerodynamic efficiency with increasing aspect ratio. Coupled with the availability of light-weight, high-strength composites over the last couple of decades, this has resulted in high aspect-ratio flying wing configurations being considered for high-altitude, long endurance missions.
1, 2 However, at trim, such configurations tend to exhibit large structural deformations from their initial undeformed state. This paper presents research conducted towards understanding the effect of these deformations on the flight dynamics of flexible flying wing configurations. The methodology followed is illustrated in Fig. (1) . Box A in the schematic was previously investigated by one of the authors.
1 Current research focuses on Box B. The relationship between the two boxes will be the subject of future research. 
II. Formulation of Equations

A. Reference Frames
The equations of motion are written down in a body-fixed reference frame attached at the center of gravity of the local airfoil section at the center of the wing as illustrated in Fig. (2) . The X B Z B plane is defined in the plane of symmetry of the airplane, with the X B axis pointing in the direction of motion of the airplane and the Z B axis pointing vertically. The Y B axis is oriented along the starboard wing. The attitude of the body-fixed reference frame with respect to the inertial reference frame can be defined by a 3 − 2 − 1 sequence of rotations from the inertial reference frame by Euler angles ψ, θ and φ respectively. The position of the velocity vector with respect to the body-fixed reference frame is defined by a 2 − 3 sequence of rotations by angle −α and β respectively from the body-fixed reference frame.
A local reference frame is defined for computing the aerodynamic forces and moments generated at each airfoil section. The origin of the local reference frame is chosen to be at the center of gravity of the local airfoil section. The attitude of this frame with respect to the body-fixed frame is defined by a series of two rotations: by an angle Θ 1 about the X B axis, followed by rotation by an angle Θ 2 about the intermediate Y axis. In terms of these two rotations, the rotation matrix from the body-to-local frame is given by,
B. Kinematic Relations
The instantaneous body-axis components of the angular velocity of the body-fixed reference frame are related to the Euler angle rates by the following relations:
C. Equations of Motion
The rate of change of linear and angular momentum of the airplane measured at the origin of the body fixed frame is related to the force and moment acting on the airplane by,
As indicated in the above equation, these forces and moments can be aerodynamic, gravitational or propulsive in origin. From this point on, the components of all vector quantities are expressed in the instantaneous body-fixed reference frame. The components of linear and angular momentum of the airplane are related to components of the linear and angular velocity measured at the origin of the body-fixed frame by,
where ∆ corresponds to the identity matrix, m corresponds to the mass of the airplane, ξ to the position of the center-of-mass with respect to the origin and I B to the moment of inertia matrix. The position of the center-of-mass in the body-fixed reference frame can be expressed in terms of the radius of curvature R and limits on Θ 1 (±Θ * ) as,
The matrix ξ is given by,
In order to compute the net moment of inertia of the complete airplane in the body-fixed axis system, the local moments of inertia of each airfoil section are transferred to the body-fixed axis system by sequentially applying the change of vector basis theorem and the parallel axis theorem. Mathematically, this transformation to the body-fixed axis system can be represented as,
where the position vector r B is given by,
The moment of inertia components of the complete airplane in the body-fixed axis system can now be computed by integrating Eq. (9) over the span of the wing.
D. Modeling of Aerodynamic Effects
In order to compute the aerodynamic forces and moments acting on each airfoil section, the local velocity vector has to be generated. The local linear and angular velocity at any airfoil section are related by,
where the variable k represents the curvature and the vector e 2 is given by [0 1 0] T . Once again, the components of the above vector equation can be taken in any reference frame. For the purpose of aerodynamic modeling, components will be taken in the instantaneous local frame at each airfoil section.
Quasi-steady Modeling
For each airfoil section, the linear and angular velocity at the mid-chord can be computed as,
where the vector x mc is given by [x mc 0 0]. The aerodynamic forces and moments at the quarter chord generated at the section are now given by,
where
The components of these forces and moments in the local reference frame can be written as,
Summing up the forces and moments acting on each airfoil section, the resultant acting at the origin of the body-fixed axes system is given by,
where the vector r B is given by Eq. (10).
Unsteady Aerodynamic Modeling
In order to account for unsteady aerodynamic effects, the above quasi-steady model is augmented using Peters' and Johnson's finite state airloads theory. 4 The aerodynamic forces and moments in the local body frame at any given airfoil section are given by,
The inflow coefficient λ 0 is computed using Peters 2D inflow model 5 given below,
where the constant coefficient matrices are derived in Ref. 5 . The number of unsteady aerodynamic states at each section can be specified independently of other parameters. However it is seen that results are most accurate when the six states are chosen at each airfoil section.
5
E. Modeling of Gravitational Effects
The gravitational forces and moments acting on the airplane can be expressed as,
where g B is the gravitational vector in the body-fixed reference frame.
F. Modeling of Thrust Effects
The propulsive system of the airplane is modeled as having discrete units. The thrust T i produced by each of the propulsive units is expressed in the local axis system at the corresponding point r pi . The net force and moment acting on the airplane due to all propulsive units can now be expressed as,
III. Longitudinal Dynamics
A. Simplified Equations
The longitudinal dynamics of a sample configuration is now analysed. Airplane motion is restricted to its longitudinal plane which is also its plane of symmetry. The model being considered for this analysis assumes no span-wise pre-twist distribution. Consequently, the angle Θ 2 in the rotation matrix R LB can be set to zero. This assumption also simplifies the moment of inertia matrix to a diagonal matrix.
Moreover, for dynamics in the longitudinal plane, Eq. (5) can be reduced from a set of six equations to a set of three equations. In terms of the flight speed, angle of attack and pitch rate at the origin of the body axis system, the equations can be rewritten as,
where I yy is given by,
For motion restricted to the longitudinal plane, Eq. (3) simplifies to give,
Eqs. (20) and (23)- (26) complete the set of first-order equations that govern longitudinal dynamics. The system dynamics can now be characterized in terms of the state variables [V α q B θ λ 1 . . . λ n ]. 
B. Trim Calculation and Stability Analysis
.25 µ = 6 lb/ft I xx = 5 lb ft I yy = 30 lb ft I zz = 25 lb ft
The parameters of the configuration chosen are given in Table (1) . The propulsion system is assumed to consist of five identical units placed at [Θ 1 = 0, ±Θ * /3, ±2Θ * /3]. The trim point for the airplane is chosen to be straight and level flight at 40 ft/s at sea level. This specifies the following state variables,
The flap deflection is assumed to be uniform across the span. For this specified trim condition, Eqs. (23)- (26) have to be solved for angle-of-attack (α), thrust (T ) and flap deflection (δ) for different values of the radius of curvature (R). The trim is computed using Newton's method on Eqs. (20) and (23)- (26). For stability analysis, Eqs. (20) and (23)- (26) are linearised with respect to the state variables and their derivatives and written in the form,
The stability can be inferred from the eigenvalues of the matrix corresponding to
. Parametric variation can be introduced in radius of curvature R, position of center of gravity x cg and additional mass at the origin of the body frame m ex .
IV. Results
A. Validation of code
The code is validated against NATASHA 1 with wing flexibility set to zero. Trim states and flight dynamic eigenvalues are compared for maximum and minimum curvature and center of gravity position ahead and behind aerodynamic center at the root. For both the new code and NATASHA, the wing is divided into twelve span-wise sections with six unsteady aerodynamic states modeled at the center of each section. The results generated are tabulated in Table. (2). It is seen that the results match exactly for a straight wing. For a curved wing, the results are quite close amd the difference can be related to the discretization error of NATASHA.
The convergence of eigenvalues with the number of span-wise sections used for modeling unsteady aerodynamics is also studied. Table ( 3) gives the flight dynamic eigenvalues for different number of span-wise sections with the aerodynamic center at x = −1 and Θ * = 40
• . Twelve span-wise sections are seen to be sufficient for eigenvalue convergence. All further computations use six unsteady aerodynamic inflow states at each chord section and twelve span-wise sections.
B. Results
For the given trim conditions, the variation of thrust, flap deflection and angle of attack with respect to curvature for two different positions of the center of gravity are given in Fig. (4)-(6) . It is seen that the variation in thrust with wing curvature is not significant. This is due to the fact that the drag acting on the airplane is skin friction drag which is not a function of angle of attack. The slight variation can be attributed to the decrease in airfoil in-plane velocity as one moves from the root to the wingtip in a curved wing as well as the change in direction of the thrust vector for trim at different curvature. The trim flap deflection is seen to increase continuously with decreasing radius of curvature. This is required to cancel the added pitching moment due to vertical separation between drag and thrust. The trim value of angle of attack exhibits a similar trend. The trim angle of attack initially shows a tendency decrease with decreasing radius of curvature in order to compensate for large flap deflection, which is required to trim the wing in pitch. At lower radius of curvature, higher angle of attack is required to compensate for the loss of vertical component of lift. Root locus plots for two positions of the aerodynamic center x ac = 0 and x ac = −1 are given in given in Fig. (10) and Fig. (8) respectively. It is seen that in both cases, the four traditional flight dynamic modes cannot be distinctly identified when unsteady aerodynamics is modeled. Five modes which have significant flight dynamic contribution have been plotted. The co-ordinate 'z ac ' is defined as the point of intersection between the line of action of net aerodynamic force and the Y − Z plane at x ac . Since the vertical separation between the center of gravity and z ac is significant, and drag is not modeled as a function of angle of attack, the condition for static stability is given by,
For x ac = 0, both quasi-steady and unsteady aerodynamics predict static instability due to a real root on the right half plane. This is expected as z cg < z ac for non-zero values of radius of curvature as seen in Fig. (7) . For x ac = −1, it is seen that a complex eigen-value pair crosses over to the open right half plane when the angle subtended at the center increases beyond twelve degrees, as seen in Fig. (9) . Introducing unsteady aerodynamics does not seem to influence the onset of instability, which is expected as the mode is a low frequency mode.
Effect of flexibility
A flexible wing with geometric parameters and elastic parameters given in Table (4) is now analysed for trim and stability. The mean curvature of the deformed wing at trim is computed and is used to define the shape of the rigid wing. Table (5) compares trim states and flight dynamic eigenvalues of both wings. It is clear that even for an approximate trim shape, rigid body analysis gives very good indication of the flight behavior of the flexible aircraft. The relationship between stability of flexible flying wing and the stability of the a rigid wing with corresponding curvature will be subject to further studies. 
V. Conclusion and Future Work
This work was carried out to enable the study of flight dynamics of a rigid flying wing, whose curvature is equivalent to the curvature at trim of the flexible flying wing. Future research will focus on modeling possible to infer the flight dynamics of a deformed flexible flying wing from an geometrically similar rigid configuration, which leads to a significant reduction in the number of states to be considered.
